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Abstract. In this paper we transport Steenrod’s cup-i products, i ≥ 0, from
the singular cochains on the free loop space Maps(S1, BG) to Hochschild’s
original cochain complex Homk(k[G]
⊗∗, k[G]) defining Hochschild cohomol-
ogy. Here G is a discrete group, k an arbitrary (commutative) coefficient
ring, and BG the classifying space of G. This induces a natural action
of the (mod 2) Steenrod algebra on the Hochschild cohomology of a group
ring. For cochains supported on BG, we prove that Gerstenhaber’s cup
product agrees with the simplicial cup product and Gerstenhaber’s pre-Lie
product agrees with Steenrod’s cup-one product. As a consequence, for co-
cycles f and g supported on BG, the Gerstenhaber bracket [f, g] = 0 in
HH∗(k[G]; k[G]). This is interpreted in terms of the Batalin-Vilkovisky
structure on HH∗(k[G]; k[G]).
Key Words: Hochschild cohomology, Gerstenhaber’s product, cup-i prod-
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1 Introduction
Recall that for a group G, the cyclic bar construction, N cy∗ (G) [8, 7.3.10], is
a simplicial set whose geometric realization is a model for the free loop space
Maps(S1, BG) := LBG,
where BG is the classifying space of G and S1 denotes the unit circle. The
free loop space is of interest in string topology and is a topic of current
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research. The singular cohomology groups H∗(LBG; k) can be computed
using the model N cy∗ (G), namely from the b
∗ cochain complex, n ≥ 0,
. . .
b∗
−→ Homk(k[G]
⊗(n+1), k)
b∗
−→ Homk(k[G]
⊗(n+2), k)
b∗
−→ . . . .
Additionally, the simplicial structure of N cy∗ (G) allows the construction of
Steenrod’s cup-i products [13], i ≥ 0, on the cochain complex
Homk(k[G]
⊗(∗+1), k),
using the b∗ coboundary without restriction on the coefficient ring k (often
considered as Z in this paper). The homotopy equivalence
λ : |N cy∗ (G)|
≃
−→ LBG
as formulated by Goodwillie [5] and others [2] [8, 7.3.11] induces a quasi-
isomorphism of cochain complexes
λ∗ : C∗(LBG, k)→ Homk(k[G]
⊗(∗+1), k)
that preserves the cup-i products, where C∗ denotes singular cochains. The
simplicial cup (zero) product is homotopy commutative at the cochain level
with the homotopy given by two possible compositions for cup-one prod-
ucts. All higher homotopies, cup-(i− 1) products, are themselves homotopy
commutative, with the cup-i product providing the homotopy between two
possible compositions for the cup-(i− 1) products.
The goal of this paper is to transport the cup-i products to Hochschild’s
original cochain complex [6] defining Hochschild cohomology, i.e.,
. . .
δ
−→ Homk(k[G]
⊗n, k[G])
δ
−→ Homk(k[G]
⊗(n+1), k[G])
δ
−→ . . . ,
where the coboundary map δ involves the product in the ring k[G]. In this
way, the cohomology groups HH∗(k[G]; k[G]) support two product struc-
tures, namely the Gerstenhaber product [4] and the simplicial cup (zero)
product. While the Gerstenhaber product is known to be homotopy com-
mutative on Hochschild cochains, the two possible compositions to establish
this equivalence are themselves not homotopy equivalent, as detected by the
Gerstenhaber (Lie) bracket, which, in general, is nonzero on Hochschild co-
homology.
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In this paper we prove that the two products, the simplicial and the Ger-
stenhaber product, agree as cochains when evaluated on a subcomplex repre-
senting BG, i.e, constant maps of S1 into BG, or strings of length zero. Also,
Steenrod’s cup-one product agrees with Gerstenhaber’s pre-Lie product on
this subcomplex. As a consequence, we prove that for cocycles f and g sup-
ported on BG, the Gerstenhaber bracket [f, g] is zero in HH∗(k[G]; k[G]),
since [f, g] becomes the coboundary of a cup-two product involving f and
g. Thus, in the Batalin-Vilkovisky algebra [14] on HH∗(k[G]; k[G]), we have
∆(f · g) = ∆(f) · g + (−1)pf · ∆(g), where f and g are cocycles supported
on BG, deg(f) = p. Also, the cup-i products induce a natural action of the
mod 2 Steenrod algebra on HH∗(Z/2[G]; Z/2[G]) that recovers the action
of the Steenrod algebra on the singular cohomology groups H∗(LBG; Z/2).
Finally, two operads are seen to act on Homk(k[G]
⊗∗, k[G]), one is the en-
domorphism operad [9, 5.2.12], giving rise to the pre-Lie product f ◦ g. The
other is the sequence operad [1, 10], giving rise to the cup-i products f ·
i, S
g,
and also used in the proof of the Deligne conjecture [10]. For cochains f and
g supported on BG, we have
f ◦ g = f ·
1, S
g.
Section Two of the paper contains the definitions of the cochain complexes
Homk(k[G]
⊗∗, k[G]), δ, and Homk(k[G]
⊗(∗+1), k), b∗, as well as the (injective)
cochain map
Φ∗ : Homk(k[G]
⊗∗, k[G]) −→ Homk(k[G]
⊗(∗+1), k).
Definition (2.5) and the discussion there offer the construction of a cochain
supported on BG. This section also contains the definitions of all products
necessary for the proofs in the following section. Section Three transports
the cup-i structure from Homk(k[G]
⊗(∗+1), k) to Homk(k[G]
⊗∗, k[G]) via a
cochain map
Ψ∗ : I∗ → Homk(k[G]
⊗∗, k[G]),
where I∗ = Im (Φ∗). We have Ψ∗ ◦ Φ∗ = 1 on Homk(k[G]
⊗∗, k[G]). The
various products are compared in this last section.
2 Hochschild Cohomology
Let A be an associative algebra over a ground ring k that is unital, commu-
tative and associative, such as the integers. Recall [6, 7] that HH∗(A; A),
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the Hochschild cohomology of A with coefficients in A viewed as a bimodule
over itself is the homology of the cochain complex:
Homk(k, A)
δ
−→ Homk(A, A)
δ
−→ . . .
. . .
δ
−→ Homk(A
⊗n, A)
δ
−→ Homk(A
⊗(n+1), A)
δ
−→ . . . ,
where, for a k-linear map f : A⊗n → A, δf : A⊗(n+1) → A is given by
(δf)(a1, a2, . . . , an+1) = a1f(a2, . . . , an+1) +( n∑
i=1
(−1)if(a1, a2, . . . , aiai+1, . . . , an)
)
+ (−1)n+1f(a1, a2, . . . , an)an+1.
For the special case of n = 0, (δf)(a1) = a1f(1)− f(1)a1.
These cohomology groups, HH∗(A; A), support a construction as an
Ext-functor over the ring A⊗Aop [3, IX.4]. Also, applying the Tor-functor
to a certain free A⊗Aop resolution of the product
m : A⊗ A→ A, m(x⊗ y) = xy,
we have the following standard resolution for computing HH∗(A; A), the
Hochschild homology of A with coefficients in the bimodule A [11, X.4]:
A
b
←− A⊗2
b
←− . . .
b
←− A⊗n
b
←− A⊗(n+1)
b
←− . . . ,
where for (a0, a1, . . . , an) ∈ A
⊗(n+1),
b(a0, a1, . . . , an) =( n−1∑
i=0
(−1)i(a0, . . . , aiai+1, . . . , an)
)
+ (−1)n(ana0, , a1, . . . , an).
For n = 1, b(a0, a1) = a0a1−a1a0. Moreover, when A is unital, {A
⊗(n+1)}n≥0
is a simplicial k-module with face maps
di = bi : A
⊗(n+1) → A⊗n, i = 0, 1, 2, . . . , n, (2.1)
bi(a0, a1, . . . , an) = (a0, . . . , aiai+1 , . . . , an), 0 ≤ i ≤ n− 1, (2.2)
bn(a0, a1, . . . , an) = (ana0, a1, . . . , an), (2.3)
4
and degeneracies si : A
⊗(n+1) → A⊗(n+2), i = 0, 1, 2, . . . , n,
si(a0, a1, . . . , an) = (a0, a1, . . . , ai, 1, ai+1, . . . , an), 0 ≤ i ≤ n. (2.4)
LetHH∗K(A) denote the homology of the cochain complex Homk(A
⊗(∗+1), k)
with respect to the b∗ coboundary map, i.e.,
Homk(A, k)
b∗
−→ Homk(A
⊗2, k)
b∗
−→ . . .
. . .
b∗
−→ Homk(A
⊗n, k)
b∗
−→ Homk(A
⊗(n+1), k)
b∗
−→ . . . ,
where for a k-linear map ϕ : A⊗n → k, b∗(ϕ) : A⊗(n+1) → k is given by
b∗(ϕ)(a0, . . . , an) = ϕ(b(a0, . . . , an)).
Both HH∗(A; A) and HH∗K(A) inherit graded product structures from
associative products on the respective cochains. For f ∈ Homk(A
⊗p, A) and
g ∈ Homk(A
⊗q, A), the Gerstenhaber (cup) product [4]
f ·
G
g ∈ Homk(A
⊗(p+q), A)
is given by
(f ·
G
g)(a1, a2, . . . , ap+q) = f(a1, . . . , ap) · g(ap+1, . . . , ap+q),
where the product above occurs in the algebra A. Then
δ(f ·
G
g) = (δf) ·
G
g + (−1)pf ·
G
(δg).
Thus, if f ∈ HHp(A; A) and g ∈ HHq(A; A), then f ·
G
g ∈ HHp+q(A; A).
For α ∈ Homk(A
⊗(p+1), k) and β ∈ Homk(A
⊗(q+1), k), the simplicial (cup)
product α ·
S
β ∈ Homk(A
⊗(p+q+1), k) is given by
(α ·
S
β)(σ) = α(dp+1 dp+2 . . . dp+q(σ)) · β(d0 d1 . . . dp−1(σ)),
where dp+1 dp+2 . . . dp+q(σ) is the front p-face of σ = (a0, a1, . . . , ap+q) ∈
A⊗(p+q+1) and d0 d1 . . . dp−1(σ) = d
p
0(σ) is the back q-face of σ. The product
above is now in the ground ring k. We have
b∗(α ·
S
β) = b∗(α) ·
S
β + (−1)pα ·
S
b∗(β).
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For α ∈ HHpK(A) and β ∈ HH
q
K(A), it follows that α ·
S
β ∈ HHp+qK (A).
Gerstenhaber [4] has shown that on HH∗(A; A), the product f ·
G
g is
graded commutative by using the idea of function composition, understood
today in terms of the endomorphism operad Homk(A
⊗n, A) [9, 5.2.12]. Specif-
ically, for f ∈ Homk(A
⊗p, A) and g ∈ Homk(A
⊗q, A), define f ◦
(j)
g ∈
Homk(A
⊗(p+q−1), A) for j = 0, 1, 2, . . . , p− 1, by
(f ◦
(j)
g)(a1, a2, . . . , ap+q−1) =
f(a1, . . . , aj , g(aj+1, . . . , aj+q), aj+q+1, . . . , ap+q−1).
Choosing the sign convention f ◦ g =
∑p−1
j=0(−1)
(p−1−j)(q−1)f ◦
(j)
g, we have
δ(f ◦ g) = (δf) ◦ g + (−1)p−1(f ◦ δg) + (−1)p[f ·
G
g − (−1)pqg ·
G
f ].
If f and g are cocycles, then f ·
G
g and (−1)pqg ·
G
f differ by a coboundary,
so that in HH∗(A; A),
f ·
G
g = (−1)pqg ·
G
f.
Gerstenhaber calls f ◦ g a pre-Lie product, since
[f, g] = f ◦ g − (−1)(p+1)(q+1)g ◦ f
induces a Lie bracket on HH∗(A; A).
From the work of Steenrod [13], it follows that the simplicial cup prod-
uct is graded commutative on the cohomology of any simplicial complex,
although in 1947 Steenrod was writing before the formulation of the mod-
ern definition of a (semi)simplicial set. For α ∈ Homk(A
⊗(p+1), k) and
β ∈ Homk(A
⊗(q+1), k), recall that the cup-one product
α ·
1, S
β ∈ Homk(A
⊗(p+q), k)
can be written in terms of the face maps di as
(α ·
1, S
β)(σ) =
p−1∑
j=0
(−1)(p−1−j)(q−1) α((dj+1 dj+2 . . . dj+q−1)(σ))·
β((d0 d1 . . . dj−1 dj+q+1 dj+q+2 . . . dp+q−1)(σ)),
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where σ = (a0, a1, . . . , ap+q−1) ∈ A
⊗p+q. With the above choice of signs, we
have:
b∗(α ·
1, S
β) = b∗(α) ·
1, S
β + (−1)p−1α ·
1, S
b∗(β) + (−1)p[α ·
S
β − (−1)pqβ ·
S
α].
Again, for cocycles α and β, α ·
S
β and (−1)pqβ ·
S
α differ by a coboundary.
A description of the cup-i products, i ≥ 0,
α ·
i, S
β ∈ Homk(A
⊗(p+q+1−i), k)
in terms of the face maps dj can be deduced from [10, 13]. We use the
following sign convention:
b∗(α ·
i, S
β) = b∗(α) ·
i, S
β + (−1)p−1α ·
i, S
b∗(β)
+ (−1)p[(−1)(i−1)(p+q+1)α ·
i−1, S
β − (−1)pqβ ·
i−1, S
α].
Today the cup-i products are understood in terms of the sequence operad
[1, 10].
Now, the group ring k[G] is an algebra over the cyclic operad [9, 13.14.6],
meaning that k[G] supports a symmetric, bilinear inner product
〈 , 〉 : k[G]× k[G]→ k
satisfying 〈ab, c〉 = 〈a, bc〉, for all a, b, c ∈ k[G]. By definition, for g, h ∈ G,
〈g, h〉 =
{
1, h = g−1
0, h 6= g−1.
Then 〈 , 〉 is extended to be linear in each variable, resulting in a k-linear
map on the tensor product: 〈 , 〉 : k[G] ⊗ k[G] → k. Since 〈 , 〉 is sym-
metric, we also have 〈a, bc〉 = 〈ca, b〉, i.e., 〈 , 〉 is invariant under a cyclic
shift of the product. Note that with this structure, k[G] is also a Frobenius
algebra. Although stated for group rings, the following lemma applies to any
(symmetric) Frobenius algebra.
Lemma 2.1. There is cochain map
Φn : Homk(k[G]
⊗n, k[G])→ Homk(k[G]
⊗(n+1), k), n ≥ 0,
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given by
Φn(f)(g0, g1, g2, . . . , gn) = 〈g0, f(g1, g2, . . . , gn)〉,
where f : k[G]⊗n → k[G] is a k-linear map and each gi ∈ G.
Proof. For f ∈ Homk(k[G]
⊗(n−1), k[G]),
Φn(δf)(g0, g1, . . . , gn) = 〈g0, (δf)((g1, g2, . . . , gn)〉
= 〈g0, g1f(g2, . . . , gn)〉+
n−1∑
i=1
(−1)i〈g0, f(g1, . . . , gigi+1, . . . , gn)〉
+ (−1)n〈g0, f(g1, g2, . . . , gn−1)gn〉.
On the other hand,
b∗(Φn−1(f))(g0, g1, . . . , gn) = Φn−1(f)(b(g0, g1, . . . , gn))
= 〈g0g1, f(g1, . . . , gn)〉+
n−1∑
i=1
(−1)i〈g0, f(g1, . . . , gigi+1, . . . , gn)〉
+ (−1)n〈gng0, f(g1, g2, . . . , gn1)〉.
Using the cyclic symmetries of the inner product 〈 , 〉, we have
Φn(δf) = b
∗(Φn−1(f)), n ≥ 1.
Lemma 2.2. The cochain map
Φn : Homk(k[G]
⊗n, k[G])→ Homk(k[G]
⊗(n+1), k), n ≥ 0,
is injective.
Proof. Suppose that f ∈ Ker(Φn). Then
Φn(f)(g0, g1, . . . , gn) = 0
for all (g0, g1, . . . , gn) ∈ G
n+1. Let f(g1, . . . , gn) =
∑m
i=1 cihi ∈ k[G], where
ci ∈ k and the hi are distinct elements of G. For each hj , we have
Φn(f)(h
−1
j , g1, . . . , gn) =
m∑
i=1
ci〈h
−1
j , hi〉
= cj〈h
−1
j , hj〉 = 0.
Thus, cj = 0, and f : k[G]
⊗n → k[G] is the zero map.
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We adopt the following notation for elements of Homk(k[G]
⊗n, k[G]) and
Homk(k[G]
⊗(n+1), k), recalling that k[G] is a free k-module with basis given
by the elements of G. For g0, g1, . . . , gn ∈ G and h1, h2, . . . , hn ∈ G, let
(g0, g1, . . . , gn)
# : k[G]⊗n → k[G]
denote the k-linear map determined by
(g0, g1, . . . , gn)
#(h1, h2, . . . , hn) =
{
g0, h1 = g1, . . . , hn = gn,
0, otherwise.
Additionally, for h0 ∈ G, let (g0, g1, . . . , gn)
∗ : k[G]⊗(n+1) → k be the k-
linear map determined by
(g0, g1, . . . , gn)
∗(h0, h1, . . . , hn) =
{
1, h0 = g0, h1 = g1, . . . , hn = gn,
0, otherwise.
Under this notation,
Φn
(
(g0, g1, g2, . . . , gn)
#
)
= (g−10 , g1, g2, . . . , gn)
∗.
Let In = ImΦn ⊆ Homk(k[G]
⊗(n+1), k). Then I∗ = {In}n≥0 is a subcom-
plex of Homk(k[G]
⊗(∗+1), k). Note that for fixed (g1, g2, . . . , gn) ∈ G
n, an
element α ∈ In can be written as a finite sum
α( , g1, g2, . . . , gn) =
m∑
i=1
ci(hi, g1, g2, . . . , gn)
∗.
Lemma 2.3. There is a cochain map (in fact, a cochain isomorphism)
Ψn : In → Homk(k[G]
⊗n, k[G]), n ≥ 0,
induced by
Ψn
(
(g0, g1, g2, . . . , gn)
∗
)
= (g−10 , g1, g2, . . . , , gn)
#.
Proof. First, Ψn can be extended linearly over finite sums
Ψn
(
α( , g1, g2, . . . , gn)
)
=
m∑
i=1
ci(h
−1
i , g1, g2, . . . , gn)
#.
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Second, since Φn is injective and a cochain map, it follows that the following
diagram commutes:
In
b∗
−−−→ In+1
Ψn
y yΨn+1
Homk(k[G]
⊗n, k[G]) −−−→
δ
Homk(k[G]
⊗(n+1), k[G]).
(2.5)
Let G be a discrete group and let B∗(G) be the simplicial bar construction
on G. By definition, Bn(G) = G
n, n = 0, 1, 2, . . . , with face maps
di : G
n → Gn−1, i = 0, 1, 2, . . . , n,
di(g1, g2, . . . , gn) =


(g2, . . . , gn), i = 0,
(g1, g2, . . . , gigi+1, . . . , gn), i = 1, 2, . . . , n− 1,
(g1, g2, . . . , gn−1), i = n,
and degeneracies
si : G
n → Gn+1, i = 0, 1, . . . , n,
si(g1, g2, . . . , gn) = (g1, . . . , gi, 1, gi+1, . . . , gn).
Of course, the geometric realization |B∗(G)| is a model for the classifying
space BG, up to homotopy. Let N cy∗ (G) denote the cyclic bar construction
[8, 7.3.10] on G with N cyn (G) = G
n+1, n = 0, 1, 2, . . . . The face maps
di : G
n+1 → Gn and degeneracies si : G
n+1 → Gn+2 are given by adopting
the formulas (2.1)–(2.4). For the geometric realization |N cy∗ (G)|, there is a
homotopy equivalence [2, 5] [8, 7.3.11]
λ : |N cy∗ (G)|
≃
−→ Maps(S1, BG) := LBG,
where S1 denotes the unit circle. Let H∗ denote singular homology and H
∗
denote singular cohomology. There are isomorphisms
λ∗ : HH∗(k[G]; k[G])
≃
−→ H∗(LBG; k),
λ∗ : H∗(LBG; k)
≃
−→ HH∗K(k[G]).
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The map λ∗ preserves the cup-i products. For α ∈ Hp(LBG; k) and β ∈
Hq(LBG; k), we have
λ∗(α ·
i, S
β) = λ∗(α) ·
i, S
λ∗(β).
Thus, with Z/2 coefficients, λ∗ is a map of modules over the Steenrod algebra.
There are maps of simplicial sets
ι : B∗(G)→ N
cy
∗ (G), pi : N
cy
∗ (G)→ B∗(G),
ι : Gn → Gn+1, pi : Gn+1 → Gn,
ι(g1, g2, . . . , gn) = ((g1g2 . . . gn)
−1, g1, g2, . . . , gn),
pi(g0, g1, g2, . . . , gn) = (g1, g2, . . . , gn).
Let ι∗ : H∗(BG; k) → H∗(LBG; k) and pi∗ : H∗(LBG; k) → H∗(BG; k)
be the induced maps on homology, ι∗ : H∗(LBG; k) → H∗(BG; k), pi∗ :
H∗(BG; k)→ H∗(LBG; k) the induced maps on cohomology. Since pi◦ι = 1
on B∗(G), we have splittings of k-modules:
H∗(LBG; k) ≃ H∗(BG; k)⊕Ker(pi∗)
H∗(LBG; k) ≃ H∗(BG; k)⊕Ker(ι∗).
Lemma 2.4. Let N cyn (G, e) = {(g0, g1, . . . , gn) ∈ G
n+1 | g0g1 . . . gn = e} for
n = 0, 1, 2, . . . . Then
(i) N cy∗ (G, e) is a subsimplicial set of N
cy
∗ (G).
(ii) Im(ι) = N cy∗ (G, e).
Proof. Part (i) follows since N cy∗ (G, e) is closed under the face maps and
degeneracies of N cy∗ (G). For part (ii), let (g0, g1, . . . , gn) ∈ N
cy
n (G, e). Then
g0g1 . . . gn = e and g0 = (g1g2 . . . gn)
−1. Thus,
ι(g1, g2, . . . , gn) = (g0, g1, g2, . . . , gn).
Definition 2.5. For fixed α0, α1, . . . , αp ∈ G with
α = (α0, α1, . . . , αp)
∗ ∈ Homk(k[G]
⊗(p+1), k),
we say that α is supported on BG ≃ |N cy∗ (G, e)| if the product
α0α1 . . . αp = e.
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Recall that k[Gn+1] ≃ k[G]⊗(n+1) is a free k-module with basis given
by the elements of Gn+1. Thus, Homk(k[N
cy
∗ (G, e)], k) is a submodule of
Homk(k[G]
⊗(∗+1), k). An element γ ∈ Homk(k[N
cy
n (G, e)], k) is extended to
Homk(k[G]
⊗(n+1), k) by setting γ(g0, g1, . . . , gn) = 0 for g0g1 . . . gn 6= e. A
direct calculation of the coboundary b∗ shows that Homk(k[N
cy
∗ (G, e)], k) is
a subcomplex of Homk(k[G]
⊗(∗+1), k). For α supported on BG as defined
above, α ∈ Homk(k[N
cy
∗ (G, e)], k).
3 Cup-i Products in Hochschild Cohomology
In this section we transport the cup-i products to the cochain complex
Homk(k[G]
⊗∗, k[G]) by showing that the complex I∗ = ImΦ∗ is closed under
Steenrod’s cup-i products, i ≥ 0. For i = 0,
α ·
0, S
β = α ·
S
β
is the simplicial cup product. The Gerstenhaber and the simplicial cup prod-
ucts define two product structures onHH∗(k[G]; k[G]) that agree as cochains
when evaluated on a subcomplex that represents BG ≃ |N cy∗ (G, e)|. Ger-
stenhaber’s pre-Lie product agrees with Steenrod’s cup-one product on this
subcomplex as well. Unless otherwise stated, k denotes a unital, commuta-
tive coefficient ring, such as the integers. In the special case of Z/2 coeffi-
cients, the cup-i products induce an action of the mod 2 Steenrod algebra
on HH∗(Z/2[G]; Z/2[G]), which recovers the action of the Steenrod algebra
on the free loop space LBG.
Lemma 3.1. The subcomplex I∗ = ImΦ∗ ⊆ Homk(k[G]
⊗∗+1, k) is closed
under the simplicial cup product.
Proof. Let α ∈ Ip and β ∈ Iq. Given any (α1, α2, . . . , αp) ∈ G
p, there are
only finitely many hi ∈ G with
α =
m∑
i=1
ci(hi, α1, α2, . . . , αp)
∗, ci ∈ k, ci 6= 0.
By linearity, consider the case i = 1, and for ease of notation, let
α = (α0, α1, α2, . . . , αp)
∗.
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Similarly, consider
β = (β0, β1, β2, . . . , βq)
∗.
For gi ∈ G,
(α ·
S
β)(g0, g1, . . . , gp, gp+1, . . . , gp+q) =
α((gp+1gp+2 . . . gp+qg0), g1, g2, . . . , gp)β((g0g1 . . . gp), gp+1, . . . , gp+q).
Thus, α ·
S
β is non-zero if and only if
(gp+1gp+2 . . . gp+qg0) = α0, g1 = α1, g2 = α2, . . . , gp = αp,
(g0g1 . . . gp−1gp) = β0, gp+1 = β1, gp+2 = β2, . . . , gp+q = βq.
This system of equations is over-determined and necessary conditions that
α ·
S
β 6= 0 are
g0 = (β1β2 . . . βq)
−1α0 and g0 = β0(α1α2 . . . αp)
−1.
Thus, α0α1 . . . αp = β1β2 . . . βqβ0 in order that α ·
S
β 6= 0, in which case
α ·
S
β = (β0(α1 . . . αp)
−1, α1, α2, . . . , αp, β1, β2, . . . , βq)
∗.
Hence, there is at most only one possible choice for g0 that yields a non-zero
result for
(α ·
S
β)( , g1, g2, . . . , gp+q).
It follows that α ·
S
β ∈ Ip+q = ImΦp+q.
Corollary 3.2. Let
α = (α0, α1, α2, . . . , αp)
∗ ∈ Ip, β = (β0, β1, β2, . . . , βq)
∗ ∈ Iq.
If the elements given by the products α0α1 . . . αp and β0β1 . . . βq are in dif-
ferent conjugacy classes of G, then α ·
S
β = 0.
Definition 3.3. For f ∈ Homk(k[G]
⊗p, k[G]) and g ∈ Homk(k[G]
⊗q, k[G]),
define the simplicial cup product
f ·
S
g ∈ Homk(k[G]
⊗(p+q), k[G])
by f ·
S
g = Ψp+q(Φp(f) ·
S
Φq(g)).
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Lemma 3.4. For f ∈ HHp(k[G]; k[G]) and g ∈ HHq(k[G]; k[G]), we have
f ·
S
g ∈ HHp+q(k[G]; k[G]).
Proof. That the simplicial cup product is well-defined on HH∗(k[G]; k[G])
follows from
δ(f ·
S
g) = δ(Ψp+q(Φp(f) ·
S
Φq(g)))
= Ψp+q+1(b
∗(Φp(f) ·
S
Φq(g)))
= Ψp+q+1(b
∗(Φp(f)) ·
S
Φq(g) + (−1)
pΦp(f) ·
S
b∗(Φq(g)))
= Ψp+q+1(Φp+1(δf) ·
S
Φq(g) + (−1)
pΦp(f) ·
S
Φq+1(δg))
= (δf) ·
S
g + (−1)pf ·
S
(δg).
Lemma 3.5. The subcomplex I∗ = ImΦ∗ is closed under the cup-one prod-
uct.
Proof. Let α ∈ Ip, β ∈ Iq and consider the case
α = (α0, α1, . . . , αp)
∗, β = (β0, β1, . . . , βq)
∗
as in Lemma (3.1). Let σ = (g0, g1, . . . , gp+q−1) ∈ G
p+q. The cup-one
product α ·
1, S
β is a sum of p-many terms indexed by j = 0, 1, 2, . . . , p− 1.
Consider the jth term
(α ·
1, S
β)j(σ) =
α(g0, g1, . . . , gj, (gj+1gj+2 . . . gj+q), gj+q+1, . . . , gp+q−1)
· β((gj+q+1gj+q+2 . . . gp+q−1g0g1 . . . gj), gj+1, gj+2, . . . , gj+q)
In order that (α ·
1, S
β)j(σ) 6= 0, we need
g0 = α0, g1 = α1, . . . , gj = αj, (gj+1gj+2 . . . gj+q) = αj+1,
gj+q+1 = αj+2, gj+q+2 = αj+3, . . . , gp+q−1 = αp,
(gj+q+1gj+q+2 . . . gp+q−1g0g1 . . . gj) = β0,
gj+1 = β1, gj+2 = β2, . . . , gj+q = βq.
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The above system of equations is over-determined and necessary conditions
that (α ·
1, S
β)j 6= 0 are
β1β2 . . . βq = αj+1 and αj+2αj+3 . . . αpα0α1 . . . αj = β0,
in which case
(α ·
1, S
β)j = (α0, α1, . . . , αj, β1, β2, . . . , βq, αj+2, αj+3, . . . , αp)
∗.
It follows that α ·
1, S
β ∈ Ip+q−1.
Lemma 3.6. The subcomplex I∗ is closed under the cup-i products, i ≥ 2.
Proof. Let α ∈ Ip, β ∈ Iq. The cup-i products are given in terms of over-
lapping partitions of (g0, g1, . . . , gp+q−i) with i + 2 many pieces [10]. Each
overlapping partition yields a summand of α ·
i, S
β, and each summand of
(α ·
i, S
β)(g0, g1, . . . , gp+q−i)
is over-determined by (i+1)-many equations. Thus, given (g1, g2, . . . , gp+q−i) ∈
Gp+q−i, for each summand (α ·
i, S
β)(j1, j2, ... ,ji), there is only one possible choice
of g0 with
(α ·
i, S
β)(j1, j2, ... ,ji)(g0, g1, . . . , gp+q−i) 6= 0.
Thus, α ·
i, S
β ∈ Ip+q−i.
Definition 3.7. For f ∈ Homk(k[G]
⊗p, k[G]) and g ∈ Homk(k[G]
⊗q, k[G]),
define the cup-i product
f ·
i, S
g ∈ Homk(k[G]
⊗(p+q−i), k[G])
by f ·
i, S
g = Ψp+q−i(Φp(f) ·
i, S
Φq(g)).
Lemma 3.8. For i ≥ 1,
δ(f ·
i, S
g) = (δf) ·
i, S
g + (−1)p−1f ·
i, S
(δg)
+ (−1)p[(−1)(i−1)(p+q+1)f ·
i−1, S
g − (−1)pqg ·
i−1, S
f ].
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Proof. We have:
δ(f ·
i, S
g) = δ(Ψp+q−i(Φp(f) ·
i, S
Φq(g)))
= Ψp+q+1−ib
∗(Φp(f) ·
i, S
Φq(g))
= Ψp+q+1−i[b
∗(Φp(f)) ·
i, S
Φq(g) + (−1)
p−1Φp(f) ·
i, S
b∗(Φq(g))]
+ (−1)pΨp+q+1−i[(−1)
(i−1)(p+q+1)Φp(f) ·
i−1, S
Φq(g)
− (−1)pqΦq(g) ·
i−1, S
Φp(f)]
= (δf) ·
i, S
g + (−1)p−1f ·
i, S
(δg)
+ (−1)p[(−1)(i−1)(p+q+1)f ·
i−1, S
g − (−1)pqg ·
i−1, S
f ].
Corollary 3.9. There is a natural action of the mod 2 Steenrod algebra on
HH∗(Z/2[G]; Z/2[G]),
Sqi : HHp(Z/2[G]; Z/2[G])→ HHp+i(Z/2[G]; Z/2[G]),
given by
Sqi(f) := Sqp−i(f) = f ·
p−i, S
f.
Proof. If f : (Z/2[G])⊗p → Z/2[G] is a cocycle mod 2, then it follows that
f ·
p−i, S
f is also. For more details see, for example, Mosher and Tangora [12,
pp. 16–18].
Thus, the action of the Steenrod algebra on group cohomology, i.e., the
mod 2 cohomology of BG, can be seen in Hochschild’s original complex
defining HH∗.
We now show that for cochains supported on BG, the simplicial cup
product agrees with Gerstenhaber’s product. Also, Steenrod’s cup-one prod-
uct agrees with Gerstenhaber’s pre-Lie product for these cochains. Recall
Definition (2.5).
Lemma 3.10. If
α = (α0, α1, . . . , αp)
∗ ∈ Homk(k[G]
⊗(p+1), k) and
β = (β0, β1, . . . , βq)
∗ ∈ Homk(k[G]
⊗(q+1), k)
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are supported on BG, then as cochains
Ψp+q(α ·
S
β) = Ψp(α) ·
G
Ψq(β).
In other words, for f = Ψp(α) and g = Ψq(β), we have
f ·
S
g = f ·
G
g.
Proof. Let gi ∈ G for i = 0, 1, 2, . . . , p + q, and let σ = (g0, g1, . . . , gp+q).
Then
(α ·
S
β) ∈ Homk(k[G]
⊗(p+q+1), k)
is determined by (α ·
S
β)(σ). Necessary conditions for (α ·
S
β)(σ) 6= 0 are
stated in Lemma (3.1). Under the assumption that α0α1 . . . αp = e and
β0β1 . . . βq = e, we have α0α1 . . . αp = β1β2 . . . βqβ0. For (α ·
S
β)(σ) 6= 0, we
need
g0 = (β1β2 . . . βq)
−1α0 = β0α0.
Thus,
Ψp+q(α ·
S
β)
= Ψp+q
(
(β0α0, α1, α2, . . . , αp, β1, β2, . . . , βq)
∗
)
= ((β0α0)
−1, α1, α2, . . . , αp, β1, β2, . . . , βq)
#
= (α−10 β
−1
0 , α1, α2, . . . , αp, β1, β2, . . . , βq)
#
= (α−10 , α1, . . . , αp)
# ·
G
(β−10 , β1, . . . , βq)
#
= Ψp(α) ·
G
Ψq(β).
It follows that f ·
S
g = f ·
G
g for f = Ψp(α), g = Ψq(β).
Recall that for α ∈ Homk(k[G]
⊗(p+1), k), β ∈ Homk(k[G]
⊗(q+1), k), and
σ ∈ Gp+q, the jth term in Steenrod’s cup-one product is given by
(α ·
1, S
β)j(σ) = α(dj+1dj+2 . . . dj+q−1)(σ)
· β(d0d1 . . . dj−1dj+q+1dj+q+2 . . . dp+q−1)(σ)
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Theorem 3.11. Let
α = (α0, α1, . . . , αp)
∗ ∈ Homk(k[G]
⊗(p+1), k) and
β = (β0, β1, . . . , βq)
∗ ∈ Homk(k[G]
⊗(q+1), k)
be supported on BG. Then as cochains
Ψp+q−1((α ·
1, S
β)j) = Ψp(α) ◦
(j)
Ψq(β).
For f = Ψp(α) and g = Ψq(β), we have
(f ·
1, S
g)j = f ◦
(j)
g.
Proof. Let σ = (g0, g1, . . . , gp, gp+1, . . . , gp+q−1) ∈ G
p+q. Necessary condi-
tions for (α ·
1, S
β)j(σ) to be non-zero are stated in Lemma (3.5). Under the
assumption that α0α1 . . . αp = e and β0β1 . . . βq = e, we have
(β1β2 . . . βq = αj+1)⇐⇒ (αj+2αj+3 . . . αpα0α1 . . . αj = β0).
In order that (α ·
1, S
β)j(σ) 6= 0, we need β1β2 . . . βq = αj+1, in which case
αj+1 = β
−1
0 and
(α ·
1, s
β)j = (α0, α1, . . . , αj, β1, β2, . . . , βq, αj+2, αj+3, . . . , αp)
∗.
If αj+1 6= β
−1
0 , then (α ·
1, S
β)j = 0.
Now,
f = Ψp(α) = (α
−1
0 , α1, . . . , αp)
#
g = Ψp(β) = (β
−1
0 , β1, . . . , βq)
#
For hi ∈ G, i = 1, 2, 3, . . . , p+ q − 1, we have
(f ◦
(j)
g)(h1, h2, . . . , hp+q−1)
= f(h1, h2, . . . , hj, g(hj+1, . . . , hj+q), hj+q+1, . . . , hp+q−1).
It follows that
f ◦
(j)
g = (α−10 , α1, . . . , αj , β1, β2, . . . , βq, αj+2, αj+3, . . . , αp)
#
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under the condition that αj+1 = β
−1
0 . Thus,
Ψp+q−1((α ·
1, S
β)j) = Ψp(α) ◦
(j)
Ψq(β) and
(f ·
1, S
g)j = f ◦
(j)
g.
Corollary 3.12. Let
α = (α0, α1, . . . , αp)
∗ ∈ Homk(k[G]
⊗(p+1), k) and
β = (β0, β1, . . . , βq)
∗ ∈ Homk(k[G]
⊗(q+1), k)
be supported on BG. Then as cochains
Ψp+q−1(α ·
1, S
β) = Ψp(α)◦Ψq(β),
i.e., over BG Steenrod’s cup-one product is Gerstenhaber’s pre-Lie product,
after application of the cochain map Ψ∗. For f = Ψp(α) and g = Ψq(β), we
have f ·
1, S
g = f ◦ g.
Proof. The proof follows from Theorem (3.11), the definition of Steenrod’s
cup-one, and the definition of the pre-Lie product.
Corollary 3.13. Let α = (α0, α1, . . . , αp)
∗ ∈ HomZ/2(Z/2[G]
⊗(p+1), Z/2)
be a cocycle supported on BG. Set f = Ψp(α). Then onHH
p(Z/2[G]; Z/2[G]),
we have
Sqp−1(f) = f ·
1, S
f = f ◦ f.
Corollary 3.14. Let
α = (α0, α1, . . . , αp)
∗ ∈ Homk(k[G]
⊗(p+1), k) and
β = (β0, β1, . . . , βq)
∗ ∈ Homk(k[G]
⊗(q+1), k)
be cocycles supported on BG. Let f = Ψp(α) and g = Ψq(β). Then the Lie
bracket
[f, g] = f ◦ g − (−1)(p+1)(q+1)g ◦ f
is zero in HHp+q−1(k[G]; k[G]).
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Proof. In Hom(k[G](∗+1), k), we have
b∗((−1)q+1α ·
2, S
β) = α ·
1, S
β − (−1)(p+1)(q+1)β ·
1, S
α,
since b∗(α) = 0 and b∗(β) = 0. Thus,
Ψp+q−1(b
∗((−1)q+1α ·
2, S
β)) = Ψp+q−1(α ·
1, S
β − (−1)(p+1)(q+1)β ·
1, S
α),
and [f, g] is a coboundary.
From the work of Tradler [14] and others [9, 13.7.6], the Hochschild
cohomology groups HH∗(k[G]; k[G]) support the structure of a Batalin-
Vilkovisky algebra with the Gerstenhaber product and Lie bracket given
as in this paper. Additionally there is [14] a square-zero operator ∆ on
HH∗(k[G]; k[G]) of degree −1.
Corollary 3.15. Let f ∈ HHp(k[G]; k[G]) and g ∈ HHq(k[G]; k[G]) be
supported on BG. Then in HH∗(k[G]; k[G]),
∆(f · g) = ∆(f) · g + (−1)pf ·∆(g),
where the product f · g can be taken to be either the simplicial cup product or
the Gerstenhaber product.
Proof. It follows from Corollary (3.14) and [14] that
0 = [f, g] = −(−1)(p−1)q
(
∆(f · g)−∆(f) · g − (−1)pf ·∆(g)
)
in HH∗(k[G]; k[G]).
In future work, we plan to extend these results to simplicial group rings,
in particular to a simplicial group whose geometric realization is homotopy
equivalent to ΩM , the based loop space on a manifold M that is not neces-
sarily simply connected.
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